ISOPERIMETRIC INEQUALITIES FOR THE EIGENVALUES OF 
NATURAL SCHRODINGER OPERATORS ON SURFACES 
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Abstract. This paper deals with eigenvalue optimization problems for a fam- 
ily of natural Schrodinger operators arising in some geometrical or physical 
contexts. These operators, whose potentials are quadratic in curvature, are 
considered on closed surfaces immersed in space forms and we look for geome- 
tries that maximize the eigenvalues. We show that under suitable assumptions 
on the potential, the first and the second eigenvalues are maximized by (round) 
spheres. 



1. Introduction and statement of main results 

There has been remarkable interest in recent years in the eigenvalues of Schrodinger 
operators with quadratic curvature potentials on surfaces. Operators of this type 
appear in several contexts where the physics is strongly influenced by the geometry 
and the topology of the surface. As examples we can cite stability properties of 
interfaces in reaction-diffusion systems such as AUen-Cahn, see [TJ[T31[T1], and the 
quantum mechanics on nanoscalc structures, see [4l[5l[Tl]. In this paper we discuss 
a natural isoperimetric problem for the eigenvalues of such operators on compact 
immersed surfaces in the n-dimensional Euclidean space R" or, more generally, in 
a simply connected space form. 

Let X : M ^ R" be a regular compact immersed surface of M", which means 
that M is a compact 2-dimensional diffcrentiable manifold and X is a regular (of 
class C^) immersion. The corresponding Laplace-Beltrami operator that we denote 
—Ax, admits a positive unbounded sequence of eigenvalues 

^ Ai(-Ax) < A2(-Aa-) < Xsi-Ax) <■■■< K{~Ax) < ■ ■■ 

These eigenvalues have been intensively studied during the last decades. Impor- 
tant results have been proved regarding the existence of a uniform upper bound 
for Ai(— Ax) among surfaces of specified topology and area, the behavior of the 
optimal upper bound in terms of the genus of the surface and the order i of the 
eigenvalue (see HH [HI [71 |H] for i = 2 and [IH1[3] for i arbitrary), and the existence 
and the determination of possible maximizing surfaces for the lowest eigenvalues 
(see [ini [H] for surfaces of genus zero, for tori, [Tn] for the case where M is 
a projective plane, [iTj and [6] for the case where M is a Klein bottle and [16] for 
orientable surfaces of genus 2) 

Let us denote by the standard sphere of radius 1 naturally embedded in 
M'^. Hcrsch [15] proved that the maximum of the first positive eigenvalue A2(— Ax) 
among immersed orientable surfaces X : M ^ R" of genus zero and area |X(A/)| = 
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jS'^l = 47r, is uniquely achieved by S^. This isoperimetric property fails as soon as 
the genus of M is not zero. Indeed, for any M such that genus(Af ) > 1, there exist 
immersions X : M ^ R" with \X{M)\ 47r and A2(-Ax) > A2(-As2). In fact, 
according to [2, the supremum of Xk{~^x) over the set of all X : M — * i?" such 
that |X(M)| = 47r, is an nondccreasing function of the genus of M which tends 
to infinity with a linear growth rate. Therefore, the second eigenvalue A2(— Ax) is 
not uniformly bounded over the set of all surfaces X : M ^ M" of fixed area. 

Surprisingly, the situation changes completely as soon as the Laplace-Beltrami 
operator is penalized by the extrinsic curvature of the surface. Indeed, Ilias and the 
author |10j proved that the standard sphere §^ maximizes the first two eigenvalues 
of the operator —Ax — 2|i/xP among all compact surfaces X : M ^ M" of area 
Ait, where \Hx\ is the length of the mean curvature vector field. The same result 
is also true for the operator —Ax — l^xP, where \hx\ is the length of the second 
fundamental form of X. A codimension 1 version of this last result was first obtained 
by Harrell and Loss [14]. This phenomenon relies on the fact that, whilst the 
eigenvalues of —Ax are of intrinsic nature, in the sense that they only depend on 
the Riemannian metric induced on M by X (notice that, since the dimension of 
the ambient M" is not restricted, any Riemannian metric on M can be induced by 
such an immersion thanks to Nash-Moser Theorem), the spectrum of — Ax — 
depends also on how the surface X{M) is bended in K". The results of [TU] express 
the fact that in order to induce large eigenvalues of — Ax, the surface X : M ^ i?" 
must be more and more "bended" . 

Now, as observed above, any compact surface X : M ^ R" with genus(A/) = 
and \X{M)\ = in, satisfies both A2(-Ax) < A2(-As2) and A2(-Ax + \hx\'^) < 
A2(— As2 + |/is2 p). This motivated Harrell and Loss [TJ] to ask if one can interpolate 
to get A2(— Ax — a|ft-xP) < A2(— As2 — Q;|/ig2p) for all a > 0. In the present article 
we give a positive answer to this question. Actually, we put this problem into the 
following more general setting : For all a G R and /3 G R, we consider the operator 

Lx,„,/3 - - Ax - (a|/ix|' +/3|Hx|'). 
In the particular case of surfaces immersed in M.^ one has 

Lx,a.l3 = -Ax - + K.I) - + K2)^, 

where ki and K2 are the principal curvatures of the surface. In fact, any quadratic 
symmetric polynomial of the principal curvatures can be written as a|ft.xP+/3|^^xP 
for a suitable choice of a and /3. 

Recall that any compact totally umbilic surface X : M R" is a Euclidean 2- 
sphere of a 3-dimensional linear subspace of R". Such a surface will be called "round 
sphere" . For a round sphere of area 4tt one has |/is2 p = 2|iJs2 P = 2 and the lowest 
two eigenvalues of Lx,a,(i are Ai(Ls2 q,^) = —2a — (3 and \2{Ls^ .a^p) = 2 — 2a — /3. 

Let us start with the following result concerning the first eigenvalue. 

Proposition 1. Let a G R and /3 G R &e such that 4a + /3 > 0. For any compact 
immersed surface X : M R" such that \X{M)\ — An, one has 

(1) Ai(Lx,a,/3) < Ai(Ls2_„^^) - ea genus{M), 

where e ~ 2 if M is orientable and e = 1 otherwise. 

//4a + /3 > 0, then the equality holds in {I]) if and only if X{M) is a round sphere. 
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//4a + /3 = and a =^ 0, then the equality holds in (OJ) if and only if the surface M 
endowed with the Riemannian metric induced by X has constant sectional curvature. 

Remark 1. • The assumption Aa + P > is crucial in Proposition^^ For 

instance, when a = and (3 = —1, it is known that becomes a minimizer 
o/Ai(— Ajf + |i/xp) among compact surfaces of genus zero immersed m 
(see [12]J and it is conjectured that §^ should minimize Xi{~Ax — 
for all 13 e (-1,0). 

• The case where 4a + /3 = corresponds to the situation where the operator 
Lx,a,i3 is intrinsic (i.e. depends only on the Riemannian metric induced on 
M by X). Indeed, thanks to the Gauss equation = —'^Kx +4|iJxp7 
we have in this case Lx,a,-Aa = —^x + '^olKx, where Kx is the Gaussian 
curvature of M with respect to the metric induced by X. 

• Regarding the equality case in when 4a + /3 = 0, it is well known that 
in M.^ , round spheres are the only immersed surfaces of constant sectional 
curvature. However, there exist examples of isometrically immersed spheres 
which are not round. For instance, the map X{x,y,z) = (cosx, sinx, y, z) 
induces an isometric embedding from the standard sphere into whose 
image is not totally umbilic. 

Regarding the second eigenvalue, we first discuss the case of surfaces of genus 
zero (i.e. topologicaUy equivalent to a sphere). 

Theorem 1. Let M be a compact surface of genus zero and let a € M. and /3 G M 
be such that 4a + /3 > 0. For any immersion X : M ^ M" such that \X{M)\ = 47r, 
one has 

(2) M{Lx,aJ3) < A2(ig2 

//4a + /3 > 0, then the equality holds in 0j if and only if X{M) is a round sphere. 

The first part of this theorem extends the result of Harrell [T^ concerning the 
special case where n = 3, a > and /? > —2a. Indeed, these conditions on a and (3 
are equivalent to the non- negativity of a\hx\^ + l3\Hx\^ = a{K\ + k\) + \(3{ki-\- 
as a quadratic form in the principal curvatures ki and K2- 

For surfaces of higher genus, we obtain the following 

Theorem 2. Let M be a compact orientable surface of genus 7 > 1 and let a Cz R 
and /3 G M 6e such that a > and 4a + /? > 0. // either 

i) 7 is even and 8a + /3 > 2, or 

ii) 7 is odd and 44^^a + /3 > 2, 

then, for any immersion X : M ^ i?" such that \X{AI)\ = An one has 

A similar result can be obtained for non-orientable surfaces (see Proposition [3]). 
Let us come back to the one-parameter family of operators 

Lx,a ■= Lx.afl = -Ax - a|/ixp. 

As observed above, for any non-spherical surface X : M ^ i?" of area 47r, the 
function a ^ A2(/vg2 — \2{Lx,a) is always positive for a = 1 and often negative 
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for a = 0. A natural question is to determine the bifurcation value for a that we 
define as follows: 

ax := inf{ao > ; A2(Lx,a) < A2(is2_„), Va > ao}, 

or, in order to relax the condition |X(Af)| = 47r, 

ax := inf{ao > ; A2(Lx,a)|^(A/)| < 47rA2(Ls2,„), Va > ao}, 

An immediate consequence of Theorem [1] and Theorem [2] above is the following 

Corollary 1. Let X : M i?" he a compact immersed orientable surface. 

i) // the genus of M is zero, then ax = 

ii) // the genus of M is even, then ax < \ 

iii) // the genus 7 of M is odd, then ax < 4-^+2 ■ 

Assertion (i) of this corollary answers the question of Harrell and Loss (14j . 

Example 1. For surfaces of genus 1 (immersed tori), Corollary[J\ gives: ax < ^• 
Let us compute the exact value of ax for two particular immersed tori : 

- the Clifford torus T ^^(■^) ^ ^^(^) naturally embedded in , for 
which |T| = 27r2, = 4|iJTp = 4 and A2(-At) = 2 (indeed, T is a flat 
minimal surface in §^j. Thus, A2(iT.Q)|Tr| = 47r'^(l — 2a). Comparing with 
^2{L%2 ,y) |§^| = 87r(l — a), we get 

TT- 2 

aj = « 0.2665, 

2(7r - 1) 

- the equilateral torus M = ]R2/Z(1, 0) ® Z(i, ^) embedded in C by 

X{x,y) ^ (c'^'^:v/V3^ ^2i'k{x~v/^) ^^2i-K{x+-u/^/S,)y 

Again, X{M) is a flat minimal surface in §^ with \X{M)\ = \hx\'^ = 

A\Hx? = 4 anrf A2(-Ax) = 2. This yields MiLx.a) \X{M)\ = ^(l-2a) 
and, then, 

ax = « 0.3097. 

All the results above can be transposed in a more general setting. Indeed, for any 
c G R, let (c) be the simply connected space form of curvature c and dimension 
n (that is N'^{c) is isometric to R" for c = 0, the standard sphere §" for c = 1 and 
the hyperbolic space H" for c = —1). For any immersed surface X : M ^ Af"(c), 
we still denote by Ax the corresponding Laplacc-Beltrami operator and by hx and 
Hx the second fundamental form and the mean curvature vector, respectively. As 
above, we consider the operator 

Lx,a,/3 = -Ax - (a|/ixP + /SlffxP). 

Among the immersed surfaces X : M — > iV"(c) of 7V"(c), the geodesic spheres of 
Af'^(c) play a particular role. These spheres are totally umbilic and any compact 
totally umbilic surface of iV"(c) is a geodesic sphere of N^{c) ^ N"(c). 
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Theorem 3. Let X : M N'^{c) he a compact surface immersed in N"'{c) whose 
genus and area are denoted by 7 and a, respectively. Let a € K and /? G M 6e such 
that 4a + /? > 0. 

(I) One has 

4e7r 

(3) \l{Lx,a,p) < >^l{Ls{a},a.J3) 

where S(a) is a geodesic sphere of area a in N^(c), e = 2 if M is orientahle and 
£ = \ otherwise. Moreover, if 4:a + P > 0, then the equality holds in (0) if and only 
if X{M) is a totally umbilic 2-sphere. If Aa + (3 = and a ^ 0, then the equality 
holds in if and only if M endowed with the metric induced by X has constant 
sectional curvature. 

(II) Assume furthermore that M is orientahle and that one of the following holds 

i) 7 - 0, 

ii) 7 is even, a > and Sa + (3 > 2, 

iii) 7 is odd, a>0 and 4^^q; + I3>2, 
then 

Moreover, 1/7 = and 4a + /3 > 0, then the equality holds in ^ if and only if 
X{M) is a totally umbilic 2-sphere. 

For a similar result concerning non-oricntable surfaces, see Proposition [3l 

2. Proof of results 

Let M be a 2-dimensional compact manifold and let X : M N"{c) be a 
regular immersion (of class C^). In all the sequel we denote by hx the second 
fundamental form and by Hx '■= ^tvacehx the mean curvature vector field of the 
immersed surface X : AI N'^(c). For any a G M and f3 £ M., we consider on M 
the operator 

Lx,a.0 = -Ax - {a\hx\^ + l3\Hx\^) 
whose spectrum consists of a nondecreasing and unbounded sequence of eigenvalues 

Geodesic spheres S{a) of area a in N^{c) are totally umbilic and have constant 
Gauss curvature so that i^s(a) = v l^s(a)P = 2\Hs(a)\'^ = 2 — c). Hence, 

Ai(-^s(a),Q,/3) = -(2a + /3) 

and 

MLs(a).c.,f3) = {2a + (3) 

a 

It is well known that the minimum of the functional l^^xP among immersed 
surfaces of M" is uniquely achieved by round spheres (see [2]). This result can be 
easily generalized as follows 

Lemma 1. For any compact surface X : M ^ N"'{c) one has 
(5) / {\Hx\^ + c)vx>4.n 
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where vx is the volume element induced by X on M . Moreover, the equality holds 
in if and only ifX(M) is a totally umbilic 2-sphere. 

Proof. It is well known that the integral Jj^j{\hx\'^ ~2\Hx\'^)vx does not vary under 
conformal changes of metric in the ambient space. Since the manifold N^{c) (minus 
a point if c > 0) is conformally equivalent to R", the surface X{M) can be seen as 
immersed in M" endowed with a metric of constant curvature c conformal to the 
standard one. We denote by X the immersion X considered as an immersion into 
the standard W . Hence, 

(6) / {\hx\''~2\Hx?)vx^ I (|%l' - 2|Hxl')^- 

JM JM 

From Gauss equation, we get 

|2 



\hx\^ - 2\Hx? = 2 {\Hx? + c~Kx) 



and 



\h^\'-2\H^\' = 2{\Hj^\'-K^). 

Since ^j^jK^^ = J Kxvx (Gauss-Bonnet theorem), we obtain after integration 
and identification, 



JM JM 



IM JM 

where the last inequality is the classical Willmore-Chen inequality [2 • 

Now, the equality in ([5]) implies the equality j^j jiJypuy = 47r which holds 
if and only if the immersed surface X : M R" is a round sphere in R" (see 
[2]). Using ([H]), we deduce that the surface X : M ~* N"{c) is totally umbilic in 
iV"(c). □ 

Proof of Proposition]^ and Theorem]^ (I) . Using constant functions as trial func- 
tions in the Rayleigh quotient we get 

2 a / I u |2 



Gauss equation yields 

\hx\^ =~2Kx+MHx{' + 2c. 
Integrating over M we get, thanks to Gauss-Bonnet formula (J^^ KxVx = 27r(2 

f \hx\^ =ATr{sj-2) + A f \Hx\'' + 2c\XiM)\ 

JM JM 

with £ = 2 if M is orientable and e = 1 otherwise. Hence, 

Ai(ix.a,/3) < -- (4a^(£7-2)-h2caa+(4a + /3) / \Hx\'' 
a V Jm 

Since 4a > 0, one can replace J^^ l^xP by its lower bound given by Lemma [1] 
that is 47r — ca. Thus, 

Ai(£x ais) Hanfej - 2) + 2caa + (4a -I- /3)(47r - ca)] 

a 
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If 4a + /3 > 0, then the equality in ([3]) imphes the equahty /^^ l-f^xP = An — ca 
which imphes that X is a totally umbilic immersion (Lemma [T]). 

If 4a + /3 = 0, then the equality in ([3]) holds if and only if the constant functions 
arc first eigenfunctions of the operator Lx,a.-ia ~ + 2aKx which implies 

that the Gaussian curvature Kx is constant on A/. 

□ 

The main ingredient in the proof of results concerning the second eigenvalue is 
the conformal area introduced by Li and Yau |19| as follows. Let g be a Riemannian 
metric on M. For any integer d >2 and any conformal map / from (M,g) to the 
d-dimensional standard sphere S'^, we set 



A,{f)= sup |0o/(il/)| 

06G(ci) 

where G{d) is the group of conformal transformations of The conformal area 
Ac{M,[g]) of the conformal class of {M,g) is defined as the infimum of Ac{f), 
where / runs over the set of all conformal maps from (il/, 17) to standard spheres of 
arbitrary dimensions. 

Li and Yau proved that if a conformal map f : M ^ §^ is such that f~^{x) 
contains k points for some a; e S'^, then 

Ac{f) > 4^fc. 

Consequently, 

(7) A,(M, [g]) > An. 

On the other hand, they showed that the conformal area of a surface of genus 7 
can be estimated from above in terms of 7. In [7], Ilias and the author noticed that 
the lower bound given in |19j can be improved as follows: 



(8) A,iM,[g])< 




if M is orientable 
if M is non-oricntable, 



where [x] stands for the integer part of x. 

Li and Yau also proved that for surfaces in M", the integral /^^ l^^jc P is bounded 
below by the conformal area. This result extends to surfaces in N"(c). Recall first 
that for all c G K, N^{c) admits a natural conformal map He : A^"(c) S" into the 
standard sphere S". For instance, ITq can be taken as the inverse of a stercographic 
projection and, using the model of the pseudo-sphere in the Minkowski space for 
H", we can take n_i(xo,a;i, . . . ,x„) = ^(1, . . . ,a;„). 

Lemma 2. For any compact surface X : M ^ N"(c) one has 

f {iHxf + c) vx > Ae(Il, o X) > AeiM, [gx]), 
where gx is the Riemannian metric induced by X on M . 

Proof. Since the Riemannian metric induced on iV" (c) by He is conformally equiv- 
alent to the standard one, we have thanks to the invariance of J]yj{\hx\^ — 2|i/xP) 
under conformal changes of metric in the ambient space, 

i\hx\^ -2\Hx\'')vx = I {\hn^.x? -2\Hji^.x?)vn^.^ 



M Jm 
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Moreover, for any conformal transformation (p of the map o He : N"{c) — > §" 
is conformal and one has 

/ {\hx\'-2\Hxnvx^ [ {\h^\'-2\H^\^)v^, 

JAI JM 

where X ~ (p oW^o X. As in the proof of Lemma [1] using Gauss equation and 
Gauss-Bonnet theorem we deduce 

/ {\Hx\^ + c)vx^ [ {\H^\' + l)v^>\X{M)\. 

JM JM 

Thus, 

/ {\Hx\'+c)vx> sup |0on,oX(M)| = Ae(neOX). 
JM (heG(d) 



□ 



In [12], Li and Yau proved that the second eigenvalue of the Laplace-Beltrami 
operator is dominated in terms of the conformal area. Ilias and the author [3] 
extended this result to Schrodinger type operators as follows. 

Lemma 3 (0). For any continuous function q on M , one has 
X2{-Ax + q) \XiM)\ < 2A,{M, [gx]) + f q. 

JM 

The proof of Theorem [3] follows from the following 

Proposition 2. Let X : M i?" be a compact orientable immersed surface of 
genus 7 such that \X(M) \ = a and let a CzM. and /3 G M 6e such that Aa + (3 > 0. 

(i) // 7 = 0, then 

A2(ix,Q,/3) < ^2{Ls{a},a,l3)- 

(ii) // 4a + /3 > 2, then 

Stt 

>^2{Lx,a.p) ~ >^2iLs{a),a,p) < ^"7- 

(iii) // < 4a + /3 < 2 and 7 is even, then 

^2{Lx.,c.fi) - MLs(a),c.j3) < - — ^ (8a + /3 - 2) . 

(iv) // < 4a + /3 < 2 and 7 is odd, then 

47ro'+l/2^+l \ 

MLx.c.,p) - A2(is(a),a,/3) < " " VlTl'^ + " 2 ) • 

Proof. Applying Lemma [3] with q = — a|/ixP — f3\Hx\'^, one obtains 

\2{Lx,^,p) < (2A,{M, [gx]) - a J^^ \hx\' ~ P J^^ \Hx\' 

With the same notations as in the proof of Proposition [1] we have 
/ l/ixP = 47r(e7-2)+4 / \Hx\^ + 2c\X{M)\. 

JM JM 

Hence, 

X2{Lx,a.0) < - (2A,{M, [gx]) ~ 4aTr{sj - 2) - 2caa - (4a + (3) [ 
a \ Jm 
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Since 4a + /3 > 0, we may apply Lemma [2] to get 

(9) ^2{Lx,o.,p) < - [(2 - 4a - (i)A,{M, [gx]) ~ ^an{e-i - 2) + (2a + I3)ca] . 
a 

(i) Assmiie 7 = 0. Then [M,gx) is conformally equivalent to the standard sphere 
and we have Ac{M, [gx]) = ^c(S^) = 47r. Thus, 

A2(^.Y,a,/3) < - [47r(2 - 4a - /3) + 8a7r + (2a + /3)ca] 

^ ^ _ (2a + /3) ( — - C ) = \2{Ls(a),c.,l3)- 

a \ a J 

(ii) Assume Aa + P > 2. Then one can replace in ^ the conformal area Ac{M, [gx]) 
by its universal lower bound An and obtain 

A2(ix,a,/3) < ^ [47r(2 - 4a - /3) - 4a7r(£7 - 2) + (2a + (3)ca] 

Att 

^ ^2{Ls^a).a,l3) £"7- 

a 

(iii) and (iv) Assume < 4a + /3 < 2. Using ^ and ([5]) we get in the orientable 
case (e = 2), 



1 



7- 



X2{Lx a /3) < - 47r(2 - 4a - /3) ^- 4a7r(27 - 2) + (2a + /3)ca 

a \ L 2 J 

= A2(i5(a),a,/3) + ^ (^(2 - 4a - /?) [2^] - 2a7) . 

Replacing [^^^^] by ^ when 7 is even and by when 7 is odd, we get the desired 
inequalities. □ 

In the non-orientable case, the same arguments lead to the following 

Proposition 3. Let X : M N"'{c) be a compact non-orientable immersed surface 
of genus 7 such that [X(M)[ ~ a and let a (Iz R and /? e M fee such that 4a + /3 > 0. 

(i) // 4a + /? > 2, then 

An 

(ii) // < 4a + /3 < 2 and 7 is even, then 

47r 3t + 4 / 2-7 \ 

X2iLx,a,p) - X2iLsia),a.p) < " " [i^ + ^:^)" + " 2 j • 

(iii) // < 4a + /3 < 2 and 7 is odd, then 

\2{Lx..,f3) - M{Lsia),.,,) < -^^^ ((4 + ^^)^ + - 2) . 

Proof of TheoremUi Theorem\^and Theorem\^ (II). Let X : M iV"(c) be a 
compact immersed surface. When M is of genus zero. Proposition [2li) gives, for all 
a e M and /3 G R such that 4a + /3 > 0, 

X2{Lx,a,fi) < X2{Ls{a),a,l3)- 

Moreover, from the proof of this proposition, we see that if the equality holds with 
4a + /3 > 0, then {\Hx['^ + c)vx ^ Ac{M, [gx]) = An which implies that X{M) 
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is totally umbilic (Lemma[T]). This completes the proof of the first part of Theorem 
[3](II) and Theorem [H 

Assume now the genus 7 of M is even, 7^0, and 8a + p > 2. Then either 
4a+/3 > 2 or < Aa+P < 2. In both cases, Proposition[2] gives the strict inequality 
^2{Lx.a,f3) < ^2{Ls{a),a.i3)- Thc samc argument works in the case where 7 is odd. 
Thus, Theorem [2] as well as thc last part of Theorem [3] (II) are proved. 

□ 

We end this discussion with thc following result concerning non-orientable sur- 
faces of the lowest genus. Indeed, such a surface is homeomorphic to thc real 
projective plane whose genus is 1. The Veronese surface V : RP^ M^, naturally 
embedded in MP, is given by 

V{x,y,z) = {x'^,y'^,z'^,V2xy,V2xz,V2yz), 

where MP^ is considered as quotient of the standard sphere. This surface lies as 

a minimal surface in the 4-dimcnsional sphere (of radius centered at (5,5,5)) 

obtained as the intersection of §^ with the hyperplane {X + Y + Z = 1}. It 
has constant Gaussian curvature Ky = ^ and area |T^(]Rp^)| = An. Moreover, 
= |, = 5 and A2(-Ay) = 3. Thus 

Ai(-Ay - a\hy\^ - (3\Hv\'') = -5a + 

and 

A2(-Ay ~ a\hyf ~ l3\Hvf) ^3-5a+^(3. 

Proposition 4. Let M be a non-orientable compact surface of genus one (i.e. 
homeomorphic to RP^J and let a gM. and /? S M 6e such that 4a -|- /3 > 0. For any 
immersion X : M R" such that \X{M) \ = An, one has 

Al(ix,a,/3) < Ai(Ly,c(^/3) 

and 

Proof. The real projective plane carries only one conformal class of metrics with 
Ac{M, [gx]) — Stt. Following exactly the same steps as in the proof of Theorem [3] 
above, we get the desired inequalities. 

□ 

References 

[1] Nicholas D. Alikakos, Giorgio Fusco, and Vagelis Stefanopoulos. Critical spectrum and 
stability of interfaces for a class of reaction-diffusion equations. J. Differential Equations, 
126(1):106-167, 1996. 

[2] Bang-yen Chen. On the total curvature of immersed manifolds. I. An inequality of Fcnchel- 

Borsuk-Willmore. Amer. J. Math., 93:148-162, 1971. 
[3] Bruno Colbois and Ahmad El Soufi. Extremal eigenvalues of the Laplacian in a conformal 

class of metrics: the 'conformal spectrum'. Ann. Global Anal. Geom., 24(4):337-349, 2003. 
[4] R. C. T. da Costa. Quantum mechanics of a constrained particle. Phys. Rev. A (3), 

23(4):1982-1987, 1981. 

[5] P. Duclos and P. Exner. Curvature-induced bound states in quantum waveguides in two and 

three dimensions. Rev. Math. Phys., 7(1):73-102, 1995. 
[6] Ahmad El Soufi, Hector Giacomini, and Mustapha Jazar. A unique extremal metric for the 

least eigenvalue of the Laplacian on the Klein bottle. Duke Math. J., 135(1):181— 202, 2006. 



EIGENVALUES OF SCHRODINGER OPERATORS ON SURFACES 



11 



[7] Ahmad El Soufi and Sai'd Ilias. Le volume conformc et scs applications d'apres Li et Yau. In 
Seminaire de Theorie Spectrale et Geometrie, Annee 1983-1984, pages VII. 1- VII. 15. Univ. 
Grenoble I, Institut Fourier, 1984. 

[8] Ahmad El Soufi and Said Ilias. Immersions minimales, premiere valeur proprc du laplacien 
ct volume conforme. Math. Ann., 275(2):257-267, 1986. 

[9] Ahmad El Soufi and Said Ilias. Majoration de la seconde valeur propre d'un opcrateur de 
Schrodingcr sur unc varictc compacte et applications. J. Funct. Anal, 103{2):294-316, 1992. 
[10] Ahmad El Soufi and Sai'd Ilias. Second eigenvalue of Schrodingcr operators and mean curva- 
ture. Comm. Math. Phys., 208(3):761-770, 2000. 
[11] Pavel Exner, Evans M. Harrell, and Michael Loss. Optimal eigenvalues for some Laplacians 
and Schrodingcr operators depending on curvature. In Mathematical results in quantum me- 
chanics (Prague, 1998), volume 108 of Oper. Theory Adv. Appl., pages 47—58. Birkhauser, 
Basel, 1999. 

[12] Thomas Friedrich. A geometric estimate for a periodic Schrodingcr operator. Colloq. Math., 
83(2):209-216, 2000. 

[13] Evans M. Harrell, II. On the second eigenvalue of the Laplace operator penalized by curvature. 

Differential Geom. Appl, 6(4):397-400, 1996. 
[14] Evans M. Harrell, II and Michael Loss. On the Laplace operator penalized by mean curvature. 

Comm. Math. Phys., 195(3):643-650, 1998. 
[15] Joseph Hersch. Quatre proprietes isoperimetriques de membranes sphcriqucs homogcnes. C. 

R. Acad. Sci. Paris Ser. A-B, 270:A1645-A1648, 1970. 
[16] Dmitry Jakobson, Michael Levitin, Nikolai Nadirashvili, Nilima Nigam, and losif Polterovich. 

How large can the first eigenvalue be on a surface of genus two? Int. Math. Res. Not., 

(63):3967-3985, 2005. 

[17] Dmitry Jakobson, Nikolai Nadirashvili, and losif Polterovich. Extremal metric for the first 

eigenvalue on a Klein bottle. Canad. J. Math., 58(2):381-400, 2006. 
[18] Nicholas Korevaar. Upper bounds for eigenvalues of conformal metrics. J. Differential Geom., 

37(l):73-93, 1993. 

[19] Peter Li and Shing Tung Yau. A new conformal invariant and its applications to the Willmore 
conjecture and the first eigenvalue of compact surfaces. Invent. Math., 69(2):269— 291, 1982. 

[20] N. Nadirashvili. Berger's isoperimetric problem and minimal immersions of surfaces. Geom. 
Funct. Anal., 6(5):877-897, 1996. 

[21] Nikolai Nadirashvili. Isoperimetric inequality for the second eigenvalue of a sphere. J. Differ- 
ential Geom., 61(2):335-340, 2002. 

[22] Paul C. Yang and Shing Tung Yau. Eigenvalues of the Laplacian of compact Ricmann surfaces 
and minimal submanifolds. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4), 7{l):55-63, 1980. 

Laboratoire de Mathematiques et Physique Theorique, UMR CNRS 6083, Universite 
Franqois Rabelais de Tours, Parc de Grandmont, F-37200 Tours France 
E-mail address: elsoufiauniv-tours.fr 



